We discuss the BCS-BEC crossover in a degenerate Fermi gas of two hyperfine states interacting close to a Feshbach resonance. This system has quasi-molecular Bosons associated with a Feshbach resonance, and this kind of coupled Boson-Fermion model has been recently applied to Fermi atomic gases within a mean-field approximation. We show that by including fluctuation contributions to the free energy similar to that considered by Noziéres and Schmitt-Rink, the character of the superfluid phase transition continuously changes from the BCS-type to the BEC-type, as the threshold of the quasi-molecular band is lowered. In the BEC regime, the quasi-molecules become stable long-lived composite Bosons, and an effective pairing interaction mediated by the molecules causes pre-formed Cooper-pairs to also be stable even above the transition temperature T c . The superfluid phase transition is shown to be usefully interpreted as the Bose condensation of these two kinds of Bosons. The maximum T c is given by (in terms of the Fermi temperature T F ) T c = 0.218T F (uniform gas) and T c = 0.518T F (trapped gas in a harmonic potential).
The achievement of a superfluid phase transition in a trapped gas of Fermi atoms is one of the most exciting challenges in the current study of ultracold atoms. At present, several groups have produced degenerate Fermi gases down to around 0.2T F (where T F is the Fermi temperature). [1] In the past few years, many theorists have discussed the properties of a superfluid phase based on the BCS concept of Cooper-pair formation. [2, 3] More recently, this approach has been extended to deal with a Feshbach resonance. [4, 5] A new strongly attractive interaction can arise between Fermions mediated by the quasi-molecular Boson associated with a Feshbach resonance. However, one must be careful in applying BCS theory to a Fermi gas when the pairing interaction is very strong. In this case, fluctuations in the two-particle Cooper channel strongly suppress the transition temperature T BCS predicted by weak-coupling BCS theory. Moreover, in this strong coupling regime, one has two "kinds" of Bosons even in the normal phase above T c , i.e., molecules associated with the Feshbach resonance and pre-formed Cooper-pairs. Thus the superfluid phase transition is expected to make a crossover to Bose-Einstein condensation (BEC) from the BCS-like one, [6, 7] which is the subject of the present letter.
Our starting model is identical to that developed in Refs. [4, 5] but we extend their mean-field analysis to include fluctuations in the particle-particle channel. For simplicity, we discuss a uniform Fermi gas. Our work clarifies how the character of the superfluid phase transition gradually changes from the BCS-like transition to BEC-like transition as the threshold energy for the formation of quasi-molecular Bosons is lowered.
We consider a uniform gas of Fermi atoms with two hyperfine states which interact close to a Feshbach resonance. As usual, we describe these states as pseudo-spins σ =↑, ↓, with N ↑ = N ↓ = N/2. Our model system is described by the Hamiltonian [4, 5] 
Here c p pσ and brepresent the annihilation operators of a Fermi atom with the kinetic energy ε p p = p 2 /2m and a quasi-molecular Boson with the energy spectrum E 0+ 2ν = q 2 /2M + 2ν, respectively. The threshold energy of the composite Bose particle energy band is denoted by 2ν and is the crucial adjustable parameter in this model. The attractive pairing interaction −U < 0 originates from non-resonant processes, while g is a coupling constant associated with the Feshbach resonance. Since the b-Boson is made of two Fermions, we have M = 2m
and impose the conservation of the total number of bare Fermi atoms: N = p pσ c † p pσ c p pσ + 2b †b. This crucial constraint is incorporated in the Hamiltonian when we replaceĤ byĤ − µN. The resulting "grand-canonical" Hamiltonian has the same form as (1), except
Hamiltonian similar to (1) has been extensively discussed [8] in connection with the high-T c cuprates, usually setting U = 0.
The superfluid phase transition temperature can be conveniently determined by the Thouless criterion. This describes the instability of the normal phase of Fermions with an attractive interaction associated with the formation of Cooper-pairs of atoms with opposite spins. [6, 7] We first calculate the four-point vertex function Γ(p + , p − ; p ′ + , p ′ − ) within a generalized t-matrix approximation in terms of U and g (as shown in Fig. 1 ). One sees that this involves an infinite sum of ladder diagrams involving U and particle-particle bubble diagrams involving g. The equation for the particle-particle vertex Γ is given by
where p + = (p+q/2, iω m +iν n ), p − = (p−q/2, iω m ) and q = (q, iν n ), with iω m and iν n being the Fermion and the Boson Matsubara frequencies, respectively; G
are, respectively, the bare one-particle Fermion and the Boson thermal Green functions. The solution of (2) is
Here Π(q, iν n ) is the correlation function of the Cooper-pair field operator of two atoms with total momentum q defined by∆(q) ≡ p p c † p p+q q/2↑ c † −p p+q q/2↓ , in the absence of U and g: [6, 9] Π(q, iν n ) =
where f (ε) is the Fermi distribution function. Π(q, iν n ) is often referred to as the particleparticle propagator describing superfluid (Cooper-pair) fluctuations.
The superfluid phase transition occurs when the particle-particle vertex function in (3) develops a pole at q = ν n = 0. This is easily seen to correspond to the following equation
In (5),
can be interpreted as the additional pairing interaction mediated by a molecular Boson. This interaction becomes very large as 2µ → 2ν. Eq. (5) defines the temperature T c at which an instability arises in the normal phase of a Fermi gas described by (1) due to formation of bound states with zero center of mass momentum (q = 0) and energy 2µ.
In Refs. [4, 5] , the model in (1) 
. In this mean-field BCS theory below T c , the quasiparticle energies
Within this mean-field theory, the condition that the gap function∆ vanishes can be shown to lead precisely to (5) as given by the Thouless criterion. Thus (5) gives a very clear picture of the physics discussed in Refs. [4, 5] .
The chemical potential µ for our model is determined from the condition that the total number of particles (Fermion+2×Boson) in the interacting system is equal to the number of bare Fermions N. As well known, this simply gives µ = ε F in the weak-coupling BCS theory if we neglect the temperature dependence of µ (ε F is the Fermi energy.). In the mean-field approximation of Refs. [4, 5] , one has simply (5) can be different from ε F simply because the temperature dependence of µ(T ) in a non-interacting Fermi gas is significant when T is comparable to the Fermi temperature T F . It is clear that in Refs. [4, 5] , the transition temperature corresponds to breaking up bound states with q = 0, rather than exciting these molecules into states of finite q. However, µ can deviate from ε F in a more fundamental way when the quasi-molecules with q = 0, superfluid fluctuations, and the pre-formed Cooper-pairs are all properly included. [6, 7, 10] This is the goal of the present letter. 
Here
, where n B (E) is the Bose distribution function. For g = U = 0, the b-Bosons in (1) start to Bose condensate when 2ν < 2ε F (see Fig. 3(a) ). The last term in (6) comes from adding the two kinds of thermodynamic fluctuations shown in Fig. 2 . Note that the fluctuations in (6) are the same as the denominator of the vertex function in (3). We leave out the convergence factor e iδνn in the subsequent frequency sums.
We must solve (5) together with (6) self-consistently. The results we obtain for µ(T c )
and T c as a function of the threshold energy 2ν are shown in Figs. 3(a) and 3(b) . However, before discussing these numerical results, it is useful to first give a physical interpretation of the contributions in (6) in terms of the effect of U and g on two kinds of Bose molecules (two-particle bound states). We proceed by using the identity N 0 B = −T,νn D 0 (q, iν n ) to rewrite (6) as
HereD (7) has the same form as the contribution of fluctuations studied by Noziéres and Schmitt-Rink, [6] except that now the effective attractive interaction U eff (q) ≡ U − g 2 D 0 (q) depends on energy as well as momentum. Thus this third term 2N C may be viewed as the effect of
Cooper-pair fluctuations on N. We note that the mean-field approximation discussed in
Refs. [4, 5] is reproduced by (7) by ignoring 2N C , as well as setting g In understanding the character of the renormalized b-Bosons described by N B in (7), it is useful to transform the Matsubara frequency summation into a frequency integration,
Here we take the principal value in the z-integration. One sees that if the b-molecule decays into two Fermi atoms in the presence of the Feshbach resonance, it has a finite lifetime as given by the inverse of the imaginary part of the self-energy −g 2Π inD(q, z+iδ). However, when the chemical potential becomes negative by lowering the threshold energy 2ν, a new situation arises: Since it can be shown from (4) that ImΠ(q, z + iδ) is proportional to the step function Θ(z + 2µ − E 0), the renormalized b-molecules do not decay if their energies are smaller than E 0− 2µ. The energy (ω) of a stable molecule corresponding to the pole ofD is given by (for E 0− 2µ ≥ 0)
Such stable long-lived molecules appear when the "effective" threshold 2ν ≡ 2ν − g A similar discussion can be used to understand the third term 2N C defined in (7) where p F is the Fermi momentum. Since a dilute Fermi gas is characterized by p F a ≪ 1, we must limit ourselves to U/ε F ≪ 1. In this case, the non-resonant attractive interaction U in (1) cannot give rise to the pre-formed Cooper-pairs (in a three-dimensional system).
[6,7,10] However, when 2µ approaches 2ν, the interaction U eff (q) mediated by the molecules becomes very strong, so that stable pre-formed Cooper-pairs may appear. [6] The energy of these poles is found to be precisely the same as that given in (8). Thus we can also divide These stable Bosons give a very clear physical picture of BCS-BEC crossover present in the model Hamitonian in (1) . [4, 5] When the threshold 2ν is much larger than ε F , the Fermi states are dominant. In this regime, a BCS-like phase transition is found. Indeed, since µ ∼ ε F > 0 in this regime, stable Bosons are absent because ImΠ(q, z) = 0 for z > 0. The only exception is for z = 0 (since ImΠ(q, 0) = 0). However, the condition (2ν = 2µ) that a stable Boson with q = 0 appears at ω= 0 given by (8) is easily shown to reduce to the equation for T c in (5). Namely, as well known in weak-coupling BCS theory, the formation of stable Cooper-pair Bosons and the phase transition occur at the same temperature. [6, 7] In this limit, no stable long-lived Bosons with q = 0 exist above this transition temperature.
In the opposite limit ν ≪ 0, the Fermi states are almost empty. In this regime, the phase transition is expected to be BEC-like. Indeed, since the chemical potential should We now discuss our numerical solution of the coupled equations (5) and (6) , which can be understood in terms of preceding analysis. As usual, a cutoff in calculating Π(q, iν n ) is needed to remove an (unphysical) ultraviolet divergence. We simply introduce the factor exp[−(ε/ω c ) 2 ] in the energy integration, with ω c = 2ε F . We give energies in units of the bare Fermi energy ε F and particle number in units of the total number N of bare Fermi atoms. Fig. 3 (a) shows the dependence of T c on the threshold parameter 2ν. As ν is lowered, T c deviates from the BCS limit. At the same time, at T c the character of the particles involved gradually changes from Fermions to composite Bosons. This is shown in Fig. 3(c) , as 2µ approaches 2ν in the BEC limit ( Fig. 3(b) ). We also see in Fig 3(c) [11] In the limit ν ≪ 0, we see that the pre-formed Cooper-pairs disappear, and system reduces to a gas of b-Bosons.
In the BEC limit, since the Fermions, pre-formed Cooper-pairs and superfluid fluctuations are all absent, T c is simply determined by the equation
218T F . [6, 7] This value of T c gives the maximum phase transition temperature within our model (U/ε F ≤ 0.3).
The BCS-BEC crossover induced by changing the strength of the pairing interaction has been investigated as a model for high-T c superconductors. [7, 10] In the present case, when we plot T c with respect to the effective pairing interaction, U eff = U + g 2 /(2ν − 2µ), we obtain the inset in Fig. 3(b) . This is analogous to results in Ref. [7] . Since 2µ approaches 2ν as ν decreases (see Fig. 3(b) ), the strong coupling regime in the inset corresponds to the case of small ν in Fig. 3(a) .
For trapped Fermions, one expects that the maximum T c will again be given by the BEC transition for N/2-Bosons but now in a parabolic trap. This gives
To summarize, we have generalized the analysis in Refs. [4, 5] to show that the superfluid phase transition in a uniform gas of Fermi atoms with a Feshbach resonance can change from the BCS-like to BEC-like when we include the fluctuations associated with the Cooper-pair (or two-particle) channel. We have also introduced a physical interpretation of our results in terms of two kinds of Bose molecules. In contrast with superconductors, the BCS-BEC crossover in atomic Fermi gases appears to be accessible by lowering the threshold energy 2ν of the quasi-molecular Bosons associated with the Feshbach resonance. Generalization of these results to below T c and for a trapped Fermi gas within the local density approximation (LDA) will be discussed elsewhere. 
